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Who is Who

e |Instructor: % & ¢

e Room: A41

o Office: #t4 % 4, 60075 @
» Telephone: 86415827

e Email: lijzh@hit.edu.cn

» Office hours: Wed. 4:00-6:00
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e TA: 2% &

Office: #t4 % A, 6011% @&
Telephone: 86415872-19
Office hours: Wed. 4:00-6:00

© DB-LAB (2003)

,f”-‘ HIT
ﬁ CS&E

Conduct in the Classroom

1. Please try to be on-time to class.

* When you come in late,
you disrupt your class. As kg
a general rule, if you are
more than 10 minutes late,
you should not enter the
classroom.
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2. Please do not talk while in
class except to raise questions.

3. You should not do things during class that
disrupt the class or distract your classmates.
If you have a pager or cellular phone, turn if
off when you are in class.

4. Please pay attention to the signs
that tell you not to eat or drink in
the classrooms.
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3. Cheating will be punished.

« You should not copy assignments,
projects, or allow your work to be
copied by others. Cheating in
exams are forbidden. Each must
do his/her own work.

* You will get zero mark for the
work if caught cheating for the
first time. For the second time,
you will FAIL the course and be
reported to the University.
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.@‘-CHSIJE Information about Class
* Class News

* Will be posted by Emails
* Class Materials

* Reading in Design and Analysis

of Algorithms

* Homework

e Must be submitted by emails on time
» Grading

 Final Exam (Written Test): 100%

* Homework will be considered
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Wﬂhat do we Learn?

NP
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Chapter 1. Introduction
— 1.1 Role of Algorithms in Computer Science
— 1.2 Algorithms
— 1.3 Analyzing Algorithms
— 1.4 Designing Algorithms
Chapter 2. Mathematical Foundations
— 2.1 Growth of Functions
— 2.2 Recurrences

Qutline of the course
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Chapter 3. Sorting and Loop Invariant Proof
3.1 Heap Sort
3.2 Quick Sort
3.3 Sort in Linear Time
3.4 Medins and Order Statistics
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Chapter 4. Divide-and-conquer Algorithms
4.1 Elements of divide-and-conquer
4.2 Multiplication of Integers
4.3 Multiplication of Matrices
4.4 Finding the Closest Pair of Points
4.5 Finding the Convex Hull
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Chapter 5. Dynamic Programming
5.1 Elements of Dynamic Programming
5.2 Matrix-chain multiplication
5.3 Longest Common Susequence
54 KB ERHS
5.5 0/1 Knapsack Problem
5.6 The Optimal binary search trees

© DB-LAB (2003)

,ﬁ" HIT
ﬁ CS&E
Chapter 6. Greedy Algorithms
6.1 Elements of Greedy Algorithms
6.2 An activity-selection problem
6.3 Huffman codes
6.4 Theoretical foundations of Greedy
Algorithms
6.5 A task-scheduling problem
6.6 Minimal spanning tree problem
6.7 Single-source shortest path problem
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Chapter 7. Amortized Analysis
7.1 The aggregate method
7.2 The accounting method
7.3 The potential method
7.4 Dynamic tables
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Chapter 8. Searching Strategies
8.1 Motivation of Tree Searching
8.2 Basic Tree Searching Strategies
8.3 Optimal Tree Searching Strategies
8.4 Personnel Assignment Problem
8.5 Traveling Salesperson Problem
8.6 The A* Algorithm
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Chapter 9. Theory of NP-Completeness
9.1 NP Problems
9.2 Cook’s Theorem
9.3 NP-Complete Problems
9.4 NPO Problems
9.5 Random Turing Machine
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Chapter 10. Approximation Algorithms
10.1 Introduction
10.2 The Vertex-cover Problem
10.3 The Set-covering Problem
10.4 The Traveling-salesman Problem
10.5 Randomization and Linear

Programming

10.6 The Subset-sum Problem

© DB-LAB (2003)

© DB-LAB (2003)




f‘ HIT
ﬁ CS&E

Chapter 11. Random Algorithms
11.1 Introduction to Randomized Algorithms
11.2 Randomized Numerical Algorithms
11.3 Randomized Selection Algorithm
11.4 Randomized Sorting Algorithm
11.5 Randomized Min-Cut Algorithm
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Chapter 12. On-Line Algorithms
12.1 Introduction to On-line Algorithms
12.2 On-line Euclidean Spanning Tree Problem
12.3 On-line Algorithm for Convex hull prob.
12.4 Randomized On-line Algorithm for MST
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o ) EX
- Input={<a,,.....a,> | a, & % &}
—output={<b,,....b > | b A& # &, &b <.<b }

-ER
R HE~AZAARL, RABETHE -P={(<a,....a><b,,..., bn>)|<a1 ..... a >elnput,
—ANZ A <b,,...b,>eoutput, {a,,....a,}= {b,...b,}}
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M- AR = AR NATH. I} EBEXK
s Frwg

A[L.....n]=5246,13
A[L.....n]=5
A[L.....n]=25
A[L,.....n] = 2,45
A[L.....n]1= 2456
A[L.....n] = 1,2,4,5,6
A[L,.....n]= 12,3456

— Insertion-sort(A)

— Input: A[1,.....,n]=n"M4

- output: A[1,.....,n]=n"{~sorted %
—FORj=2 Ton Do i

— ey« Al]; 2[3lalL]7]el8]
- il i

-~ WHILE i>0 AND A[i]>key Do

- A[i+1]<A[i];

- i<i-1;

- AJit+1l]«key;

Quistion:
If input is n sorted number,
how many comparisons do we need to do?

el rEmusH
cHrwirnsn
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¢ Divide-and-Conquer

e Dynamic Programming
e Greedy Algorithms

« Approximation Algorithms CARNBDRAFTRAACABES W F
¢ Randomlized Algorithms
e Tree Searching Strategies
¢ On-Line Algorithms

e Genetic Algorithms

e Parellel Algorithms
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«Introduction to Algorithms»
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«Concrete Mathematics»
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ﬁCS&E ag ﬁCS&E 2.1 ﬁ'ﬁ a#ﬁ&’ﬂ%%
2.1.1 #
2.1 W‘f'ﬁ-g.%"‘fi&#\ﬁ@% 21.2 ﬁg:&
2.2 ﬁ;ﬁﬁ%#"im&#\ 21.3 g%;’&
23 f°;\lﬁ€7{*i+—%’ﬂ‘|‘& 214 fﬁ'{&%&&
216 &BMBNAR
f‘ HIT ﬁ HIT
- i 211 M s s| | RAH
ZI2.1.1. #f(n)Feg(n) A B & Lo B . ,
4, ¢,>0, ny, vh>n,, c,g(n)<f(n)<c,g(n), a RE AL T L 2 6
#f(n) 5g(n) A&, 2 Mmf(n)=Ag(n)). 1. f(n)=anz+bn+c=4n?)
2. 6n3zAn?)
H(Q(H))T']'"lfﬂ,% & T4} A: 3. p(n) :iu,n' =(n")
{f(n) | Z1, ¢,>0, ng, ¥h>n,, c,g9(n)<F(n)<c,9(n)} =0
WA Bg(n) @& Lk 4
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ZR2.1.2. #i(n)geg(nN)A B & Ko b F

#=>0, ny, vh>ny, f(n)<cg(n), al#f(n)rkg(n)& R ZSAE T 5 72
frXg(n)Af(n)w 2R, 2 4f(n)=0(g(n)). 1. n=0(n2)
2. WERA(n)=Ag(n)), MIf(n)=0(g(n))
O(g(n)) T 290 % & F 4 4
{f(n) | £, no, vh>n,, f(n)< cg(n)}
# B A g(n) kit & 4
,f”‘ HIT ,f”‘ HIT
ﬁCS&E 213 $%&&ﬁ€\ ﬁCS&E &%&

Z 213 #&f(n)Feg(n) A E £ & £o B i .
%0, Ny, vh>ny, f(n)2cg(n), #l #f(n)rg(n)% RS I A b

A AORTR, KO0 =60 it (0)=0(g(n) A1()=Ag()

X)) T2iL#h & F 4 4
{t(n) | &, n,, vh>n,, f(n)>cg(n)}
#EHMARIN BN @ & K
' 214 FHRHHBEAL| | RA 4
#4214, #f(N)Feg(n)A B & L. B
>0, n,, vh>n,, f(n)<cg(n), af#f(n)#~ % v M % SE 0 F A 2
o) R K OMATM® £ 4 ER, 72 TR
f(n)=o(g(n))- 1. 2n=o0(n?)
2. 2n2z0(n?)?
O(gM) T i i F 4 4 s, darrenbiyesiipiie
{f(n) | v€, ny, ¥h>n,, f(n)<cg(n)} . = 7 g(n)
# % o A eeg(n) & # & W & &
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ZA2.1.4, #f(N)Fag(n) A B & Lo »HF
vc>0, ny, vh=>n,, f(n)>cg(n), aj#&f(n)# &
g(n) & ErKgnAf(n)w ## F R, ek
f(n)=w(g(n)).

w(g(n)) T 240 % & T 4 4
{f(n) | €, ny, ¥h>ng, f(n)>cg(n)}
HHE AN AL LW & A
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1. f(n)=w(g(n)) iff g(n)=0o(f(n))
n%/2=w(n)
n%/22w(n?)? ;

(n) —

f(m)=w(g(n)) = lim——
o g(n)

RAH

T i

IR
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(a) f(n)y=0(g(n)ngn)=0him)= f(n)=0hn)
(h) f(n)=0(g(m) A gln)=00h(n)) = f(n)=0(h(n)
(c) F(y=8(glm) A g(n)=Q(hin)) = [{n)=Q(h{n))
(d) flmy=o(g(m) A g(n)=olh(m) = f(n)=olh(n)

216 & BM WA

(e) fn)y =wlg(n)agln)=wlhin)) = f(n)=wlhin).
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(a) f(ny=00f(n))

(b) F(n)y=0(f(n)

(c) S =Qf(n).
C XFFxfE

Sn)=0(g(m) iff g(m) =0(f(n)) .
D X BRAE -

S =0(gm) i gn)=Qf(n)

finy=o(gm) iff  gln)=w(f(n)
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2.16 & KM@ N A (&)

.@. -

A BBAET@ D7
f(n) =n & g(n) =n*sn®  y. e 7
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2.2.1 Floor%eceiling

XL Farsosling. |57 A,
R M
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M 2.2.1 x-l1<|[x]sy<[x]<x+1
A 2.2.2 3¢ T2 N, [of2]+][0f2]=n

i 2.2.3 0 a. bIEATEREL az0b20, N
(1) [[nfa]fe]=nfab]
(2) || wfalfb]=|nfab]
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1. K 44 %e

M 2.4.5 3 (ca, +b)=c>a, +3 b,
L=l k=1 k=1

2.3 de Xkt b Ri&

fiTil 2.4.6 im_;u—n = (){i_f'(kj]
k=1 k=1
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2. 1B B
w247 Y ==M=mr’l
fiTil 2.4.8 ix“:l+x+_\-’+ _____ +_1-"':"'-\II__1l (x#1

1

Z.\"‘ = T’: |\| <1

T 2.4.9

H.= g-i- ~ImN+O(1)
k=1
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i 2.4.10 i{u; -a,,)=a,-a,.

k=1

=l

il 2.4.11 Z{u* —-a,.,)=a,—a,

il 2.4.12 zl =Z[%;]:.l

i 2.4.13

la([Ta; )= Xlga,
k=1 k=l
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BT, W Y3 =006

k=0
i RN e2 32 - A o, Minzan, Y 3 <3
Y n=0f, Y3 =1<c=c3".
BomEm e, S a=me1, W]

L O . e N AT )
| L 3 LI, L T L3 _ g ||T+_l <e3™ |
A k=l ¥y oc
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516, 1 f(x) P, [:"_f'(.rach-s i_f'[k}g[:_l_;'{x}ﬂ’x.
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{91, Zﬁ < iu =
4. sk Z(A/’n JLREL
1 2. Za <nxmaxia, .
_ L A 3 wopig, SEE LB N )2l 1R
B3, WANFIAIk20, 0. /0 sr<1y K> a LS. ' 33k [H"'J
: afa,<r=a, <ayr, lSISL.ﬂ_,i;':*” “—Il":"| ‘_l"i_;g*' :
a,fa, sr=a, <ar<ay’, 3
afa, sr=a,<ar<ag’ ..
afa, <r=a, <a_r<ay’
‘ - - k - k ('Jn
_J‘»"_‘J_". gu; S;;u”r =u“§r =-i_—r-. .
: : 24 42
st lEFE - B NRFHARAEAAI AN LRHE
5. W k) RIER, W[ <Y s [ FHABLE-ANFH.

o A iaF M. Merge-sortk 3 Kt b 4 2 F %
T(n)=41) if n=1
T(N)=2T(n/2)+&n) if n>1.

T(n) @ # & Anlogn)
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* Substitution% #:
— Guess first,
- B RAZ M5 IR
* lteration i -
—RFHBLDH— AN X
—BERGHIeRF I ALR
e Master% i -
— AW E BHT(n)=aT(n/b)+f(n)é & 12 % %
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Substitution & 1 : #%8 & *@&T(n)
1. SKfFE2T(n/2 + 17) +n

i 5l Tn= 2r\f

2.4.1 Substitution%

|+u JT[H}*"T' }TH/U(H/ 417,
gt oo R

—*l?'.l”“}’]‘ TArmre §|;T:n}=0{nlgn].

1k Eﬁ : FH ;&% EI %V:]f ?y —
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Substitution# 1. 2#% T A&

i 3. Hefttrin = 2?'[%] +i1.

fiff s TTAEUEN] Tn) = Q). T(n) = O(n®)

SR E BT HBBRAIC L , de B 3.
Q(m 1) I EQ(nlogn),
()1 N i 0(mlogn) -
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Substitution J5¥E1: F & # %
REFRABPLLBRFHIBHRED S 4.
{5 6. KM T(n)=27(n)+1gn

fife « '/? m=lgn, Mp=2m, 7'{2"’) = 27{;’,7] +.
: L

A S(m) = J“J 71 ] [m FHE, Sim) = ZS[?J +m

SR, S(my=O(migm) , B T(2")= 0(migm).
H 2=n, m:Ign, T(n)=0(gnxlg(lgn)) .
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o 2.4.2 lteration
YA
Wirw g frbvab s,
EhiaFHBwHIX,

LR TRRE4BARZ,
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61, T(n)=n +%Iﬂ%J] T()=1
=n+ 3241 +37( As))
s (VAR o VA
—”+"L/|+"[ J“”ﬂ/ﬁd

+2(| 5

| FS— | %))

3 =4dn=0(n
4
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2.4.3 Master method

Rt Ton) = ::T{%)+ F IR, azLb> 00 AL
fmy s F R

WA FHAE 4RIl e fift 13k Jy

i A =Rk,
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Master & 32

EH 2.4.1 Waxtb> 1 ZHEL ot PREL T L E XL
SR8 L R R ron) = T+ rny . Ty WA R

M. 7 fmy=00"=), &> 0 EHEL W Tm) = olp™*).
2. i ry=0=), i an).

). 4 f(n)= Q[n'" ) e>0REH, R

:;Jf' %]S(ﬂ!i}, c<rw s, WTm=01(n).
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(l}, T; "w..r }\' M[I T[ = dl’:ll‘e'_.. ]
@, Frm R W@y =00f(n) e 5
(). 25 n) T s W T(n) = 00 tgn)= 00 f (n)1gn) . (1), FE5HIHERL, f AU, ARSI
log
WA A0, fn=02 2
Il

Af(n)lgn)
@, FEf=AE0, fn AU F b, DAL
o W0, =00 0.
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Master Z 32 & & R -@.{égg
{9 3. KAt 1) = 3T[%)+ nlgn
[i: a=3 b=4 fimy=nlgn, " =n" =0"™)

s HIT
CS&E

|f§ll 1. KM% T(n) =9T(%]+n . |
a=9, b=3, f(m=n, n'= 0(:1"‘)

(D) fmy=nlgnzn=a""", £=02

fift -
'.',f'{n]=n=0(n'“""'_"), e=1 Rl
" i (@) MIHAT 0, af W )=3x=lg= = Znlg= < =nlgn =¢f(n) , c==
T{n):()[n“'"'}=0("") [t} (A) ><4 1:4 4” 1,4 4” en=cf(n), ¢ y
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Sorti 4 3.1 Heapsort
orting and correctness proof ;
h ) 3.2 Quicksort
with Loop Invarant 3.3 Sortin Linear Time
3 4
BABE i L BT <
b Rt En#FAALZ R
@CS&E 4% ;ﬁ” @CS&E
«Introduction to Algorithm» « Heaps
Chapter 6, 7, 8 e Maintaining heap
property
 Building a heap
e Heapsort Algorithm
l@- C:gE Heap -@- C:gE ‘/é-\‘
\H/\
A heap is an array object that can be viewed as a ‘ 6 ‘ 5 ‘ 3‘ 2‘ 2 ‘ 1‘ 3/
nearly complete binary tree. {\g Z
1 &/ \J /
@) « length[A]=size of the array A.
A 2/ i \/% * Heap-size[A]=number of elements in the heap
‘ 6 ‘ 5 ‘ 3‘ 2‘ 4 ‘ 1‘ (3 « Heap-size[A] < length[A]

Parent(i)=Li/2
Left(i)=2i
Right(i)=2i+1

&y
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@ csse Two kinds of Heap

* Max-Heap
In a max - heap, every node i other than the

root satisfies the following property :

AlParent(i)] > Ali].
/1\
2/\’/\;1 A
(s) ‘;é*) 65 3 24| 1
a0 A5 6
(2) (%)

(2) 1
2) 4 (1

The largest element is at the root.

f"\ HIT

* Min-Heap
Ina min - heap, every node i other than the
root satisfies the following property :
A[Parenlt(i)] < Ali].
10
) A
12 3[s/4 6

é\ /\%

&f‘,§ ij

(5) (4) (=
5 4 (8)

The smallest element is at the root.

2

m- HIT
d# CS&E

Maintaining the heap property

» Max-Heapify(A, i)
—Input: array A and index i into A
— Output: makes the subtree rooted at A[i]
become a max-heap

— Assume:

« two subtrees rooted at Left(i) and Right(i) are max-
heaps, but A[i] may not satisfy the max-heap property.
i

Left(i) i : }\A/Eight(i)

m- HIT
d# CS&E

 Basic Idea
_0 O
‘/4\,‘ ‘\];9\\/
H/ \/‘ N
‘;lflx ) \\Z) /‘/>\4)\ ‘>/’
/ \ / /
AN (2) (8 \/i/\\
‘\2 ) ( \8 ) ‘\1/) &/ NGV \,C
(14)
Max-Heapify(A, 2) /v\
Ve N\

* Algorithm . .
O Max-Heapify(A,i) « Time Complexity
/‘«‘L‘ | « Left(i); Let h=height. Then h is the largest integer
o 7 r < Right(i); . il
S Wi 1 <heap-size[A] and A[l]> Ali] satisfying 1+2+---+2"" <n,
(éfw @ @ then largest « I thatis, 2"<n. Hence,h=|Ign].
) ) O else largest «i;
g ifr<heap—size[A] and Alr]> Allargest] height =| Ign | where n = heap-size[A]
/\’/\, then largest «<—r;
(4) (7) if largest#i Hence, Max-Heapify runs in time O(Ign).
j/ ) P then begin exchange A[i] <> A[largest];
) (8) (1) Max-Heapify(A, larg est);




zhang
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Building a heap

e Lemma. Let n=length[A], then the elements in the
subarray A[(Ln/2]+1) .. n] are all leaves of the three.

Proof: Homework
1

* |dea of the algorithm

—The elements in A[(_n/2J+1) .. n] are 1-element heap

—The algorithm goes through the rest nodes of the tree
and runs Max-Heapify on each one.

(6) (6)
™ ™
s >/ &/ 2/
4{\ 5 §<7 4{\ 5 §<7
2) (&) (1) 2) (@) (1)
« Algorithm @ - %#: | 4]1[3]2]16[910]14[8]7 |
Build-Max-Heap(A) @‘{ \\7)

heap-size[ A] < length[A]; (20 (&) (1)

fori «| length[A]/2| downto 1
do Max-Heapify(A, i);

m- HIT
dﬁx CS&E
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b

W )
b

» Correctness proof by loop invariant
—Loop invariant:
ABiRBmAeza, FEI+Li+2, .., nE Hheapwb 4.
* Proof by induction
— Initialization:
$1x a2, i=ln2). £ xln2)+1, L2k, .,
nAet, FA® % l-elementheapid . A EF 5 4.
— Maintenance:
BE IR ARG LEEHE Hitl, . gD
heap @ 2. & 2 Max-Heapify(A, i) & i % heap & 4&..
FA RS-l i i+, ..., n% Hheap
bR AL EEH L.

» Termination: i=0, % £.1,2,...,n¢ % heap4a, % iz % #4.

e Time complexity
| height |
running time = " #node(h)-O(h)

h=0

®/ " where #node(h) is the number of nodes
rooted at which the subtree has height h

height = | Ign | where n = heap - size(A

#node(h) = [ —‘Proof is Homework

[lgn] n ngnJh
> [Zhﬂom):o(n 2} O(n)

h=0 h=0
because

2 h 1/2
;Fz(l 127

* Basic idea
116/ 14]10]8[7[9[3]2[4 | 1|

Heapsort Algorithm

S S SRR

2
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e Summary of the Basic idea

* Using Build-Max-Heap to build a max-heap on
the input array A[1 .. n].

« Since the maximum element is at the root A[1], it
can be put into its correct final position by
exchanging it with A[n]

* Run Max-Heapify(A, 1) on A[1 .. n-1]

* Repeat the process until all elements are processed

HIT
CS&E

* Algorithm
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CS&E
¢ Time complexity
Heapsort(A)
Buid - Max - Heap(A); O(n)
for i « length[ A] downto 2 O(n) XA
do begin
exchange All] <> Ali];
heap - size[ A] «— heap - size[ A] -1;
Max - Heapify(AJ); £:0(Ig n)
end - for

Time complexity is O(nlg n)

h HIT

ﬁ HIT
# CS&E

¢ ldea of Quicksort

e Quicksort Algorithm
e Correctness Proof

e Performance Analysis

AN T
# CS&E

Idea of Quicksort

» Divide-and-Conquer
— Divide:
e Partition A[p..r] into A[p..q] and A[g+1..r].
e X EA[p..q], ¥y EA[Q+L...r], Xsy.
* (is generated by partition algorithm.
— Conquer:
e Sort A[p...q] and A[p+1...r] using quicksort recursively
— Combine:

« Since A[p...q] and A[p+1...r] have been sorted, nothing
to do

AN niT
# CS&E

Quicksort Algorithm

QUICKSORT(A,p,r)

If p<r

Then g=Partition(A, p, r);
QUICKSORT(A, p, Q);
QUICKSORT(A, g+1, 1);

AN niT
# CS&E

* Example

3,42 1,5

| |

1,2.3,4,56,7,8 9

‘Q Coee
« Partition Algorithm
—Take x=A[r] as a pivot
— Classify other elements by comparing with x.

— During the running of the algorithm, A is partitioned
into 4 regions:

p i i r
HERR HEERRE
o SX > X unrestricted
1 pJ r

HEEEEEEEEEEEENE




zhang

<X > X unrestricted

2871356
i871356

2mBl7, 13,56,

@-1356

_3 56,
-lI

m HIT
ﬁ CS&E

Hr et N S N SO U O

2,11, B.14)

Partition(A, p,r) 2 8,7,1,3,56,4

X ATT; §87:1356&
i< p-L g-71356
forj<ptor-1 i-1356
do if A[j]< x 3 6
il — 5

exchange A[i] <> Al j]; ---
exchange Ali +1] <> A[r]; .
return i +1; @m—

R i > B -h-‘ -l>-‘ -l>-‘ -l>—‘

m HIT
ﬁ_ CS&E
* Correctness Proof
—Loop Invariant

At the start of the loop of lines 3-6 for any k
1.if p<k<i, then A[K] <x.
2.ifi+1 <k <j-1, then A[K] > x.
3.if k=r, then IA[k] =X.

unrestricted

<X > X
— Initialization:

Prior the first iteration: i=p-1, j=p, condition 1 and 2 are
t_rivFi)aJ]Iy satisfied. Line 1 make condition 3 true.
i

2

: i r
Running time: &) [T, B,[4] LTI TT T T ITTITTIT]x
— Maintenance: — Termination
: p i ir
HEER x|
<X > X

unrestricted

<X > X

At termination, j=r. We have three sets:
1. those less than or equal to x.
2. those greater than x.
3. a singleton set containing x.
— After finishing the algorithm
The final two steps move the pivot into its position
in the middle of the array by swapping it with the
leftmost element that is greater than x.

10
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« Performance analysis
* Time complexity of PARTITION: &n)
« Best case time complexity of Quicksort
* Array in partition into 2 equal sets
e T(n)=2T(n/2)+A(n)
e T(n)=&nlogn)

HIT
CS&E

« Worst case time complexity of Quicksort
— Worst Case

¢ |Alp.qll=1, |A[g+1.r][=n-1

« The worst case happens in call to Partition Algorithm
— Time complexity

*T(1)=a1)
* T(M=T(n-1)+&n)=&An?)

HIT
CS&E

» Average time complexity of Quicksort
— Average time complexity is near &(nlgn) rather than &(n?)
— Why? See an example
« Assume PARTITION always generates 9 :1 partition
« Run time of QUICKSORT is
T(n)=T(9n/10)+T(n/10)+&n2) = &nlign)
 The process of Partitioning is as followoing

HIT
CS&E

n
n/10 9n/10
Logon / \ log
n/100 9n/100 9n/100 81n/100 0/9
/ \ / \ / \ 81n/1000  729n/1000
1

/N /N

o wg =% #llog,n=dlogn) &, % & & %nwd
o wplog,ndl #log,n=Alogn) &, & &% 3 A Kknwd
e Aol A EHmR 4T, AR QMAANnIogn)

HIT
CS&E

e Lower bounds for sorting
e Counting Sort Algorithm
» Radix Sort Algorithm

* Bucket Sort Algorithm

HIT
CS&E

¢ Decision-tree model
— Comparison sort

« Use only comparisons between elements to gain order
information about input sequence
« Comparison sort can be viewed as decision-tree
— Decision-tree model

Lower bounds for sorting

« Is a full binary tree to express the comparisons of a sort
algorithm by ignoring the other aspects of the algorithm
 All permutations of the input elements must be the leaves

* A inter node of the tree is a comparison a;<"g;

11
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* A decision-tree for insert sort on 3 input elements

a,<a,?

e
a,<a,? a,<a,?
es no
Y/ \ yes/ \o

123 a <a,? 213 a,<a,?

no ye% \no

132 312 2,31 321

yes

« Lower bound for the worst case

In a comparison sort, the (worst case) running time is the depth
(or height) of the decision tree=T (n).

Since the decision tree has n! leaves, its depth T (n) satisfies
2" >n!
Thus, T(n) =Q(nlIgn).

Avre there sort algorithm with complexity O(n)?

Counting Sort

f"\;- HIT
dﬂ CS&E

* Input: A[1..n], 0<A[i] <k for 1<i<n
 Output: B[1..n]=sorted A[1..n]
* ldea
—Use C[0..k] to compute the position of each A[i]
— Put each A[i] for i=nto 1 into B[1..n]

f"\;- HIT
dﬂcs&E 1 2

345678 012345

A [2]s]s[o[2[s]o[3] c[2]0[2 3 o]1]
12345678 012345

Bl [ [T [[[] clfd4a77]s]
12345678 012345

B[ [ [T T T[] ] clzf24e7]8]
12345678 012345

B Jol | [ [[s[ | claf2fee7]8]
3456738 012345

B[ Jof [ [ [afs[ | claf24s]7]e]

1 23456738
B [0]o]2]2]3][3]3]5]

ﬁ;- HIT
- CS&E
« Algorithm
for i «1to k
do C[i]« 0;

for j < 1to length[A]
do C[A[j]l « C[ALjII+%;

for i< 2 tok
do CIi] « C[i]+ C[i ~1;
for j < length [A] downto 1

do begin
BICIALiTIl < ALjl;

CIALjll « C[A[j]]-1[C: 224678 |

f"\;- HIT
dﬂ CS&E

* Time complexity

for i < 1to k oK)
do C[i]« 0;
for j «—1to length[A] om)

do C[A[j]] < C[A[j]]+%;
fori<— 2 tok
do C[i] « C[i]+C[i-1];
for j « length[A] downto 1 Bl
do begin
BIC[ALJIN « ALJT;
CIALill « CIA[jII-1;

Time Complexity=0(n+k)

2
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* Property of Counting Sort
— Counting sort doesn’t sort in place
— Counting sort is stable

* That is, the same value appear in the output array in the
same order as they do in the input array.

@ csae Radix Sort Algorithm

* ldea of Radix sort algorithm
— Use stable sort algorithm
- Sort the n d-digit elements from the lowest digit to
the highest digit

329 720 720 329
457 355 329 355
657 436 436 436
839 457 839 457
436 657 355 657
720 329 457 720
35T5 81T39 657 839
|

F 4 YOHIT

* Radix sort algorithm

Ininput : Array A, each elementis a number of d digit.
Radix - Sort(A, d)
fori<1to d do

use a stable sort to sort array Aon digit i;

« Time complexity of Radix sort algorithm
* Using Counting sort algorithm, 0<A[i] < k-1
 The time complexity is O(d(n+Kk))

ﬂ' HIT

[ "
ﬁ CS&E

 Extension of Radix sort
— Input: n b-digit number, any r<b
— Radix sort can sort these numbers in &((b/r)(n+2"))
- Why
« View each number as d=[ b/r | digits of r bits each.
 Each digit is an integer in the range 0 to 2'-1
« Use counting sort with k= 2"-1

@ o Bucket Sort
. A B
* Assumption of Bucket Soot =g ol 71
— Input is elements uniformly —— “| |
distributed in [0, 1) 7] 1 Ay
« Idea of Bucket Soot 139 2| — 26\
—Divide [0, 1) into nequal- |26 | 3| —+.39\
sized bucket 72| al 7]
— Distribute the input into the —— sl
n bucket 194 S
—Sort the numbers ineach |21 | 6 ;
bucker 32| 7| {7
— List all the sorted numbers [27 ¢, |
in each bucket in order E 9 E

@ Coee A B
78 | of /
* Bucket Sort Algorithm 771 ;= LN
Bucket-Sort(A) 39| 2| — 26\
1. n=length[A]; 26| 3 i
2.Fori=1 Ton Do 72| al 1]
3. Insert A[i] into list BLnA[iLll; | 94 | 5| / |
4. For i=0 To n-1 Do 21 6 i
5. Sort list B[i] with insert sort; |75 7 78
6. concatenate lists B[0], ..., B[n-1]| 23 sl |
68 o —H.94\

13



2

zhang

oy T
lﬁ CS&E
* Time complexity

— Let the random variable n;=|B[i]|
— The time complexity:

T =6+ 3 0(?)
i=0
- Since E[n;?]=2-1/n (Homewok)

EMT(M]-0() + 3 E[O(,)]

=0(n)+0(n(2—-1/n))=06(n)
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Divide-and- Conquer & * 4.4  Finding the convex hull
4.5 Finding the closest pair of points
Fsk 4 N
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Chapter 3
* Divide-and-Conquer® @& # &4t
Page 80 - 96 * Divide-and-Conquerk & & 4 %
'@' e Divide-and-Conquer ¥, & & # 4t

c RARALHZANR
- Divide: EARBREHIAG A4
—Conquerr £MA S AMCLRA ERHWKB)
—Combine: &% & AL GM, A KR % QL HM%
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@' s Divide-and-Conquer¥. & & % # @' cote
—Divide#r- B b 3@ £ 2 48
XS RmHaN S Ao
4 Heu YN Y-F FRRENTN
-ty %l 4 W@ T L &AH=D(n)
TP LY EET '?""“iﬂ o
L] OW =
‘“iff*?q”mé”ml*“  Combineli #.ob 9@ £, &
— g n<c, T(n)=41) cRQTALERH=C0)
o 1. 94865213710 \
2 T(n)=2T(n/2)+0(n)
. D
vy T(n)=0O(nlogn)
*T(N)=41) ifn<c
* T(n)=aT(n/b)+D(n)+C(n) otherwise
— &AM RFHAT(N)
NI EER XA
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32 T(n)=2T(n/2)+1
T(n)=n-1
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2 /\ 2

|29, 14, 15, 1| 6, 10, 32, 12 |

29 /\ 15 10 32
29, 14] [15, 1] (6, 10| [32, 12

AN niT
ﬁ CS&E
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&y

ﬁ HIT f"’ﬁ- HIT
L) AHEL L) i Froasz s
n/26E  n/2fi n/2fi  ni24L
T(n)=4T(n/2)
XY = (A2"2+ B)(C2"2+ D) +0(n)=0(n?)
B~ NE 2 A B XGaY = AC2"+ AD2"2 + BC2"2 + BD
Bk XdeYb 4 = AC2" + ((A-B)(D-C)+AC+BD)2"2 + BD i
B, AXXYRALR2RHO0MNY, 1. % %A-B%D-C;
ENBE—ALRNBHOMNN Ko 2 #tEn2@g &R AC. BD. (A-B)(D-C);
3. ¢ % M=(A-B)(D-C)+AC+BD;
7 4. N=ACLZ#ng, M=M£#n/2¢;
©DB-LAB(2003) 5' -ﬂ'#XY:N‘FM'FBDO
ﬁ HIT f"’ﬁ- HIT
# CS&E ﬁ &i % i‘ ﬁ # CS&E
ek dtaFi
T(nN)=&1) if n=1
STz oL 43 mHEE
* & M Master & 32
T(n)=0(n"%)=0(n-%)
ﬁ HIT f"’ﬁ- HIT
: CS&E : CS&E ai % & j*
& anze | |2 RiHwsth
0 C=ABF¥ EANEK S K XA NRBING %
EASBERLE—AN2 xn25H
#~: & Anx N EASB °FA
Bk AdeBdb# {011 012} ) [Aa jyrerry
C C T(n)=8T(n/2) +O(n2)=0(n3)
W%, #HABRRALAENRSOMN), 2l a2 &
ﬁﬂf&‘*”ﬁ‘i%ﬂ%o(nzm)%#ﬁio .&ﬁ-**;!% ﬂ%*m
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o= F BB E /20298 B @ 10 Ade B Fa T A

M;=Aq; (Bip- By)

M, = (A + Agp) By

M;= (A + Ay) By

M, = Ay, (B, - Byy)

M= (A + Ay) (Byy + By)
Mg = (A~ Ag) (By + By)
M= (A= Ap) By + Byy)
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* 1 K C=AB& & % 2-8AN/2xN/2 38 1§ o 1,

Cyy = Mg+ M, - M, + Ms
Cp=M; + M,
Cy=M;+ M,
Ca2= Mg+ M;— M;— M,
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HIT
CS&E

o 18AN2xN/2%%E thre b ik, & AEO(N?)
7ANR2xn/2 %8 % &
s tidmSA
T(n)=0(1) n=2
T(n)=7T(n/2) + O(n?) n>2
& B Masterz. 32 £ # T(n)
T(ﬂ) = o(nlog7) zO(nZ-Sl)
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#~: EuclideanZ @ L @nA L &£ 40
% Pll PzEQ:
Dis(P,, P,)=Min{Dis(X, Y) | X, Y eQ}

Dis(X, Y)&Euclidean % :
& FX=(X4, Y, Y=(Xy Y,), &

Dis(X,Y)= J(xl— X0)>+(y1- ¥2)°
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cHRAMAGR G
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Q¥ & L#A

AR MARLBANBBER R EA
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Preprocessing:

1L &EQFREA2AE, MRDAANEA;
2. M EQF 2 ¥R EM,

@CHSQE ’ﬁlzm#&i(ﬁ) @CHSQE
Divide:
« Divide-and-conquer % i SRQF L4 HFREMELQONE B AN
PR RCE X ORE ¥

Q= {xeQ[xsm}, Q,={xeQ|x>m}

Q, Q,
P1 P2 P3| Q3 Qq: 0
P1 P2 P3| U Qq; 9, m
m
), o F s
l# CS&E ﬁ CsaE
Conquer: s WL AH
4. 4 ERAEQ%Q, ¢ XK KBk £ - Divide#r % £0(n) W @
Py, P)%a(y, O) - Conquer#- & £2T(n/2) #d |
Merge: -Merge# B & £0(n) W A
: | : T(n)= 0(1) n=2
P1 P p3r|nq3 ., T)=2T(2) +0M)  n>3
5. APy Py)+ (A, U) % & AN(ps, 05) 2 @ & # £ -R Maitgﬁlﬂ EWT(n)
Bt BAXY) £F pAQFRRE ik T(n) = O(nlogn)
Q¥ &L, X,VAQ¥RBwE, | | S
), o F s
l# CS&E PN ﬁ "’? m # ai ﬁ-CS&E
« Divide-and-conquer ¥ @ Divide:

Preprocessing:
1. HR8Q¥ b bh—AE, NEB#R L
2. 0 54 Hax-ghildey- 2 A NE.

S HKQ¥ & Ax-EHWF A HM:
4 REELX=MEQH § RAA KA HFBE L
£Q 4 Qp, Q¥ EALER, Q¥ LALER.

o ° o

° QL ole Qr ©
°
o © o o
°o ° o © o|o o ©
° © o o
| o °1lo o
| |
L: x=m
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L .

QL QR ©
o
o 9 o)
py P (?1 [*F3
o o
| m-d m+d
L: x=m

Conquer:

5. a3 pQ . Qp¥ KK K 2 4
(P, P2)€QL, (5, A2)€QR

6. d=min{Dis(py, p,), Dis(ay, 9,)};

[

m-d m+d
L: x=m
Merge:
LAGREEHEEHFA® E4(p, ), peQ,,
quQR;
2. Z¥#, AP, q)ABREF R 2, &l
Py, P)%a(dy, G,) ‘F BRERIAHQIRE LN

LRAP, Q)RR EkF B AL ERA

° (pl ’ Qr)w&'?‘ﬁﬁi

1L 2 REFHEIRAAUBHSHELE;

2. HFLMREBEINED AFKP-ERR A% %
ANg (R4 # 2 2 364, & RDis(p, g)<d, al &
d=Dis(p, a);

3ARAL LT, BREBINZHENDH D
(pl 1 qr)7 * 'ﬂ x‘ ﬁ A(pp qr)
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—Divide# g% £0(n) # @
- Conquerf-g.& £2T(n/2) i @
—Mergef#- % £0(n)iF Q
- ¥
T(n)=0(1) n=2
T(n)=2T(n/2)+O(n) n=3
— A Master& 32 & % T(n)
T(n) = O(nlogn)

(P a)®HERA:

- AR EA® LpeQ,, qeQg, M
dis(p, q)<d, (p,q) %A F & & & #D.
-ZpASHELE, ©4(p )& HDK X,

EFd2d@ M (p-E4H)F, bF M F.

£30464%

ZRLAFLBREFHEALD,
p-2 AR B F 18 8 ABA B0

WE 0 dp- AR KR 4 H64AN/2)x(2d/3) ¥

2d/3 *8. )

mELEREL ST P IR TSV E & X

F=AEBEEHAL RHU. v, W

2di3 (X X% (Y,~Y)? < (d72)2+(2d/3)?=2502/36
02472 #Dis(u, v)<5d/6<d, Bdd XX F fi o

2d/3

<
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#%: CH(Q): Q#convex hull

Q#convex hull& = A& & $ 32 7
P, QUEXZAPEXAAPR

& 3RBPALALTHR $0H-
SHAPHR AR LGRAAPH
.@. csge Graham-Scan ¥ @& -@. csaE
FEIL #19 °
- g kConvex hull sd4t ik Wad, EARLR °
CABARATRARA XSNA, K5 LR . .
ikl 5k, &6 skConvex hullv & (i £ °o ° °
®E)
Po
$2% P $3% P
Py Py

Po
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% # Graham-Scan(Q)

I* SR A MAERE WA FROMANBCHQ)R L ¥/
1 #Q¢y- 4 fh Rt Lpy;
2. BB R (A RAFTQ)RINAQP LA, #
B H<PL Py o P>
. Push(p,, S); Push(p,, S); Push(p,, S);
. FOR i=3 TO n DO
While Next-to-top(S). Top(S)dep,#5 & ik 2 # & Do
Pop(S);
Push(p;, S);
. Rerurn S.

©No O AW

m- HIT
dﬁx CS&E

R U X
-$15F20(NKAQ
- #2% % £0(nlogn)# q
-#33ER0O1)MAQ
- #4775 2ON)WQ
- & @ 4 2 4T(n)=0(nlogn)
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m- HIT
dﬁx CS&E

s EAMNLH
3. FnAZfE 2R 4£0Q~AGraham-Scanf
B, Q>3 Fufiu, #S+8
§!ﬂﬁéﬂ‘CH(Q)wﬁ.§. (% 84 w4t M
) .

£ #: See pp. 88-90.
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dﬁx CS&E

Divide-and-conquer 3 #

Preprocess: (# @ # & 4 % O(1))
1 HB|QI<3, HkEk,
2. 8|03, &A% W4 H @ RCHQ)W A L;

Divide:(@ RO(N) K & £ 4 1£)

LA#-ANEEFX-ROLELQNEGH A F4u%
WRARALQ $Qp, Q £QrW 238,
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1. @& 1230 %Q % Qs #H & CH(Q )% CH(QR);
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&) & o Merge % #)
= = ] :
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C
ML AL~ /4 & & A Merge B 1 f >
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a

AR H <9, hij k> <ab,c d> <fe>
KRk <g habfcedi,jk>
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dﬁx CS&E

Merge:(# @ % & 4 % O(n))

1L E~AQ % & Lp;

2. BCHQR ¥ Z 5p@ 8 4 £ L4 £ 7R Audey;

BSHELFTEANLAH:
(1) &4 B4t F A MRAGCHQ B AR E,
(2) 4 w4t F A WCHQR)AAUHV® TR X,
(3) # A 3341 & W MA WCH(Qr) AUV A X,

4L AREEEARH;

5. 4 %@ A # X% B Graham-Scan.
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* Preprocessingi#- g
-0(1) cRONRNQLAN
- Divide#r (@ BOMN) K & & 4 1£) T(n)=2T(n/2)+0(n)
-0(n) * & R Master & 32
* Conquer#-# T(n)= O(nlogn)
—2T(n/2)
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5.1 Elements of Dynamic Programming
5.2 Matrix-chain multiplication

5.3 Longest Common Subsequence

54 M3 BEZAHSE

5.5 0/1 Knapsack, Problem

5.6 The Optimal binary search trees
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Chapter 4

Pages 97 —137
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ﬁ CS&E
5.1 Elements of Dynamic
Programming
Why?

What?
How?
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Why?

Divide-and-conquer & £ & 7 4¢

i BREABAANILBRIG, S5BF
GRELAR L2 S M4E, HRB®

° Bk A %S
- HeRE BRE-AKOSER, ARTQSAE
AFRIR R XXM R

AL XA xA3A4\

(?A ?XA‘O (A xA2>x(A\3xA4) (AxA;x )x(A4
(Aphy)  (ApxA,) L (AgxA,) L (ApxA)
— AW % A

~TRESIAGAH, RauMLAFAHbLe®
_6 ﬁ]“-*ﬁai l ﬁm ©DB-LAB(2003)
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Ao What?

e Dynamic Programming % X.
- RARAARNET K-S H FAH
- EMEIAS ARk, ARARERRAL
~AAY, LERHRILBER, L E4H
¥ fFA4ERA
- AR rdf
- AR
c—ikwRi THEHEIANRLEAH, §
CECEE S YL

f"\;- HIT
dﬂ CS&E

How?

» & M Dynamic Programming é %- #
— Optimal substructure (44 % % %)

s F-ARBBARARELALAT SARGELR N,
ENABRANABAFT RS R Do

— Subteties (€ # % ¥ 48)

c RARABGEREHSE, BISALGBRRRIR
&R

©DB-LAB(2003)
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« Dynamic Programming & % #
- REBHEAHR

— Dynamic Programming & # & ¢
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f"\;- HIT
dﬂ CS&E

MSHTH RBEBBERS -
d(S, T)=min{1+d(AT), 2+d(B,T), 5+d(C,T)}
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‘Evg' .............. d (.A, T
2 (@) BT (T
............... A

2: WHdAT). dBT). d(CT)éﬁd\éﬁ]&

~.(DT)
.<1 : d(fT) d(ETl@ © ®-4END
E
Lo} (T

K E I 30F 1

d(A, T)=min{4+d(D,T), 11+d(E, T)}=min{22, 24}=22 <AD,T>

d(B,T)=min{9+d(D,T), 5+d(E,T), 16+d(F,T)}=min{27, 18, 18}=18
<B,E,T>

d(C,T)=min{2+d(F,T)}=4 <CFT>

IF?"T?] .............. o
2 f\ BT, e, @
............... a(C, =
d(DT o
d(.E T@ -

d(A,T)=22 <AD,T>, d(B,T)=18 <B,E,T>, d(C,T)=4 <C,F,T>

é ©O—2-@-END

4; BRAEMSHTH RE%E
d(S,T)=min{1+d(A,T), 2+d(B,T), 5+d(C,T)}=min{23, 20, 9}=9
<S,C,F, T>
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» Dynamic Programming ¥ ¢ & .4t 3 %
SRR §

- dHERGRY

— R ELRER G
d(S,T)=min{1+d(A,T), 2+d(B,T), 5+d(C,T)}
—diK 4L, LELATHNS

R""‘i- HIT
dﬁx CS&E

5.2 Matrix-chain Multiplication

—RAREAMENS AL
cHF RN A EEZ
cRBRHEREMAEL
_*&%ﬁ i'ﬁ m“ w ﬁ :& #’iw'bm ©DB-LAB(2003)
ﬂ- HIT ?’_\1 HIT
A o 1) 48 8 F L - = Motivation
o B~ <ALA, LA > ARD st . ﬁ’*{ff‘“ “’*’L*
- GHARERE,
° ’ A, XA, ... XA s
ks FRASE A G RE AR E - HF-ARBESRA TSN H G
Jﬁﬁ-*ﬁi %K%/z#‘ﬁ %& % w2 e, (AlezxA3xA4)
= (AX(AX(AXA,)))
ZAADXREH, BAOER, AMAB = ((ApxA)X(AXA,) )
& & #-&.0(par) =
- = ((AxA,) xA)xA))
ﬂ- HIT ?’_\1 HIT
ﬁ CS&E ﬁ CS&E
ek R LbBEQ
—ﬂAl—loxlOO‘ﬁE %, A,=100x54 %, A3—5><50‘EV$ —p(NéwdiasE

T((AxA,)xAL)=10x100x5+10x5x50=7500
T(A;x(AxA,))=100x5x50+10x100x50=75000

v ARAMHFRAF LR OBXW
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m[i, j]J=0 if i5)
m[i, 1= min, g { mfi, KI+m[k+1, jJ+p,, pp;} i i<
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& & SH RN
TOAGRAERERSE R A4 . B A%
Dynamic Programming ¥ & — A =AXA L X XA
CEHEeROR A —cost(A,)=H FA, @ K i
. bR E AN @ Ay
c DARNEREMEAS AL I I XE X F
— AR keRORNAREZ MA@ EMRELESIHER
—ERARRAMOE L #, R FSAHA,  WRERAALA, @
c BB ERARGTLDSROB AL
& TR VL
XL ESLY =
Ay xA,xA; XA, - BH
-mi,jl=# KA SRS RG &
/ -m[1,n] = KA bR RE &
ADHAAIA)  (ApAIAA)  (Axhx AJX(A,) AL A Ay AR R EA R TR S)
cHBA CA)AL AR F R
mh,i]=#HA . & RS L& R=0
(AyA)  (ApA) (AsxA,) (A, xA,) m[i, j] = m[i, K] + m[k+1, j] + p, ;p,p;
AL pi-lpkpjkﬁ‘ﬁAi“kXAkﬂ’iM TREH
Aiv oA, -8 B AD D Fap D 2
LAF3Au€4H ARD. DI
# b HIT ﬂ HIT "
@ CS&E # CS&E ii qg%jﬂ 4\ 3 ﬁ]a

mfi, 1= mini g { m(i, k] + m[k+1, j] + pi; PPy }

miL,1] mi1,2] mL3] mie4) [T
m[2,2] m[2,3] m[2,4] m[2,5]
m[3,3] m[3,4] m[3,5]

m[4,4] m[4,5]

m[5,5]

©DB-LAB(2003)




zhang

L B Py Lt

m[i, j]= minig, g { mi, K] + m{k+1, j] + p;; pyp; }

Matrix-Chain-Order(n)
FOR i=1 TO n DO
m([i, i]=0;
FOR I=2 TO n DO P # K14 % *
FOR i=1 TO n-I+1 DO
j=itl-1;
m[i, j]=<°;
FOR ke To j-1 DO /¢ Hml[i,jl*/
q=m(i, KI+m[k+L, j+p,pp,
IF g<mli, j] THEN m[ij]=q;

2

Return m.
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m- HIT ﬂ HIT
L Amas Ranegal L hd £
= == S[i, j1ie & A, ... A,
Matrix-Chain-Order(p) S[i.jlie &AAL. A% Print-Optimal-Parens(s, i, j) éEI!{'.]: ARG R
n=length(p)-1; 'ﬁfﬁﬁ 6‘ !Lﬁ.Aks Ak+1 IE J:| STi, S[i,j]]4e *Ai ---As[i,j]w'i
FOR i=1 TO n DO 21 THEN Print “A™: U
ml[i, i]=0; rn I S[S[ijl+1, 192 & Agier A
FOR I=2 TO n DO ELSE Print “(” WRER SR
FOF}=::I1_1TO n-i+1 DO Print-Optimal-Parens(s, i, s[i, j])
ml[i, j]=’oo; Print-Optimal-Parens(s, s[i, j]+1, j)
FOR kei To j-1 DO Print )
q=mli, !(]_+m[k+1, j]+Pi_.1 Pk B; o — 7 :
IF g<m([i, j] THEN m[i,jl=q, s[ij]=k; 48 A Print-Optimal-Parens(s, 1, n)
Return m and s. WT&*AlmWfﬁﬂ’a'ﬂ'#'ﬂﬁ
L faedan| |&o
cHALRN 5.3 Longest Common Susequence
—HEXrwRQ
c(Li,K)2athm, ERZ3$n-1F ® MABEL
«O(nd) e RELESAH(LCS) M H

- HERERBRAQ:O(Nn)

- ERQELRHH: OMN)
kAR U

— & R £ AmFPeS

- 2ERO(N?)

o 2 AMLCSEL AW aF

o HiaiKd & @4

e hAMLHARLCSEL A EMAHERAL
o #Hk &
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~X=(A.B.c.B.D.B) REZEEAH (LCS) Ak
—Z:(B, C! Dr B)kx% 6 é”‘l
—W=(B, D, A) 2. A X % % #) W~ X=X Xp0X0), Y = (V1Yor-Ym)
cRZBEAN B XBYRRELEEA4
CZAARXBY®ZESAHBRIAX® 5 A 2520 2y o 20)
BAVHSEAH.
L RezRSANBHEN| |Lo
. gidm cHRwERH
X=X, Xy o X )R AR R X4aYWLCSWHh thee Mt 8 %
ﬂﬂ Xi:(xl' vy Xi ),{X“ % I‘ﬁﬂ LCSXYzLCSXm_lYn_1+ <Xm:yn> if szyn
LCS,,=LCS, v it X ., 2,2,
#. X=(A B, D, C, A), X,;=(A), X,=(A, B), X,=(A, B, D) LCS,=LCSy, | if X, A, 2,4,
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m- HIT
ﬁ CS&E
s HwEHh
ZL (RS #H) BRX=(X) o X)) YV, 0 Y
ARABEH, LCS=(2, . 2)AXBYRLCS, &M 4
D) & BX=Y,, MZ=X=Y,, LCSyy = LCS, \ + <x=y,>,
LCS,, v, , AXm %o, ®LCS.
) & Bx =, Az, WLCS AX 4Y&LCS, &
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(3) & B X, =, A2, MLCS, AXBY, ,®LCS, &
LCSxy =LCSyy ,
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WLEAHN, BZAXGYWLCSF Mo FALX Y0

BREAX,  BY ORERLZEEANZ ,, &%
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[LCSyy = Z, g+ <X=Y,> | <| LCS,y = LCS
5LCS, ALCS# fiio
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@ EARO . LCSAH AR S AT 4N
Faoyn HBLCSEAWdmya| |[Loh widd B AARREER
A& RA
« CLi,jI=X,BY, $LCS®% & & Cl =0
1, =
- LCSk Ak S
Cli,j]=0 it i=0 & j=0 Cli, j] = C[i-1, j-1] + 1 Cli-1,j-1]| C[i-L,]]
C[i, j]=C[i-1,j-1] + 1 ifi,j>0 and x; =y if i, j>0 and xi = yj Cli, j-1] | CIi, j

Cli, j] =Max(C[i, j-1], C[i-1, j])
if i, j>0 and xi #=yj
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WL #d S & EwH
a2 WCA® A

©DB-LAB(2003)




zhang

2

“CI1=0, iF0 X j=0
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F % . gE:H=EA[.sll)él(’é[il,]jjrl]l,'C)([li-l?lﬁ]),xi¢yj melength(X); n<length(Y);
Yy B D C A B A For i«<~1 To m Do C[i,0]«0;
x[ ol ol o o o o o For j:(—l To n Do C[0,j]«O0;
Al o[ to/to[to[~1[<1] ~1 For i1 To m Do
Bl o Nile1[<1[tr1/N2]«2 For j<1 To n Do
C| o] TM1|T1~2]|«2 12|12 Ifxizyi__ L .
Bl ol 1| 111212 ~3| <3 Then C[I,j-](—-C[I-l-,j.-l]+l; B[i.jl<"“\";
D| of t1[x2[t2[t2 13/ 13 Else ITC{I-LjxCLi)-1] o
Al o] t1f 2] t2[~3] 13[ N4 -IIE—renC(E'[I',]J](_C(E'[I'-]:I-_,]J];BEE'[I"]J](_“ T”:
se C[i,jl«Cl[i,j-1]; BIi,jJ&<“<";
® O M| T2[T2[ T3] N4 T 4 Return C and B.
ﬁi' HIT ﬁi- HIT
& o # s ok M 2 printLesB. X i)
IF i=0 or j=0 THEN Return;
IF BI[i, j]=“\"
c AFRA

— 2B[m, n]# ¢ & W4tk
-&B[i,j]="\", Mx=yALCS#—A%&
— b EH W LCS" £ X B YW LCS#H Inverse
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THEN Print-LCS(B, X, i-1, j-1); Printx;;
ELSE If B[, jl=“t"”
THEN Print-LCS(B, X, i-1, j);
ELSE Print-LCS(B, X, i, j-1).

Print-LCS(B, X, length(X), length(Y))
THPEXBEYHLCS,

L L CFEY &3
QIR N
—HEXhHRQ
o(i, )M B W, ithemP. [Bamny
*O(mn)

- HhEREM & }Q: O(m+n)

- &ERQERHS: O(mn)
QU X

— @& R #£MC%B

- & £ERO0(mn)

5.4 Optimal Polygon Triangulation
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. %
= P=(VpVy, V) ANHIATR L6 $ 0 A5
~TAPOHBLZRHNE, BAZRBYVY,

o V,

c ERMEABANUENERNK
Z 8. BP=(Vo,V,,..V)ANHIARE S $ 0 . B BT AP®
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Wiz o
\A (1). T(Woy vy VIO RP=(Vo,Vy, V) 4B 4k 2 8 8 5,
(2). T(Vgs oo V) AP (Vi Vi V) 8 AL 2 B B % o
k+1
A V,
_ TP:T(VO’ . Vk) U T(Vk, " Vn) U {VOVk’ Vkvn} ©DB-LAB(2003)
Faoyn L Ay LR T
cZRHMLABANSAKELY s #fijl=<v,v VR keI RHEXE
tli,i1=t[j,j]1=0
tfi, j1 = ming g {tfi, K1 + k1, j] + W( Ay, )}
Wk
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5.5 0/1 Knapsack Problem
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= EOCE TR0 T
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YigaWix; sC
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B BBV, . Y)RASAEECR ME A
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dﬂ CS&E

E SR RN e R

e &Im(i, ).
ROBEH), TEWDEDHX, Xy, ..., X, 1,
B REBR B XHAMG, ).
o 5 X3
LE 8 max Ziqcn Vic X
Zigen WiXic <
x.€{0, 1}, ik <n
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L L b AR 24t Kkt a X
m(i, j) = m(i+1, j), 0<j <w; o
XL X mi, ) = max{mied, ), m(+L, ), jow___|miip
m(n,j)=0, 0<j<w, m(i+1, ]—Wi)| m(i+1, ])
m(i, j) = m(i+1, j) 0<j<w, m(n, j) =V, j2Ww,
m(l, J) = max{m(i+l, J)r m(i+11 j-Wi)+Vi} J ZWi @\Wizg &1 n=4
mn,j)=0  0sj<w, mo)
mnj)=v, j=w, m@2.Cw;) *** mRC)
m(3, C-wy-w,) “°* Im@3,C-wy) -+ m(3,C)
©DB-LAB (2003) . m(4’ C'Wl'Wz'Wa) m(4‘ C'W1'W2) m(4,C-w1) m(4' C)
ﬂ- HIT
dﬁx CS&E .‘ﬁ‘ 0‘ - -
m(i, j) = m(i+1, j), 0<j < w; For j=0 To_ min(w,-1, C) Do
m(i, ) = max{m(i+1, j), m(i+1, j-w)+v}, j 2w | m(, j) m[n, j]=0;
m(n,j)=0, 0<j<w, m(i+1, j_Wi)| m(i+1, j) For j=w, To C Do
m(n, j) =V, j2w, mn, j1=v,;

For i=n-1 To 2 Do

Then x,=0;

Else x,=1;
2. & x,=0, dm2, C)fd tk st KL M;
3. 0% x=1, é4m(2, C-w) Rk &S £ HM.
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Aw=% &, n=4 For j=0 To min(w;-1,C) Do
— e — mli, j] = m[i+1, j];
For j=w; To C Do
2,0} m2w,-1) m(2 ) m{2,C-1) m{2,C) m[i, j]:max{m[i+l, J]y m[i+1, j'Wi]+Vi};
@0y m(3nl) m(3.w.) M(3,C-1)— m(3,C) If C<w,
Then m[1, C]=m[2, C];
4,0 Y=ty (&, W) (#,C=1)—m(4:€) Else m[1, C]=max{m[2, C], m[2, C'W1]+V1};
L wmgwtk| Lo LR
s R AU
LmQOARARXA®R, HERIHTDLT: — KAk R
If m(,C)=m(2,C) *O(Cn)

- B REMR®RA: O(Cn)

-ERQAELR2NS On)
cEthARn

—@ R HAAM

- & £E®O(Cn)
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5.6 The Optimal Binary Search Trees
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Cd g & (K, ki) (kp) (ky)
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- et
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n n 1
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K=K K, - K} G460 8040 6 K 2 AN,

kiy EEES) kr-l kr+11 sy kj

»Rr=i, 2 SR, .. k B A,
BRI, & & 8Ky, o KHE B A,
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Q:{qu qll AR ] qn}l Q.éﬁi‘fid.%ﬁ*
CHRCNENCY
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Kok o kI SRT, UT AL F 28T
B4k Kiy, - K b & 18 488 B

W B, RALRT R Ky, - KIERTY,
T HMEBLEXD®ETT.

AT R RTE@T, TAHH —~AME W EXH
CARN Y F AT EEE & & B
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« SEG DB, . KIS BBRT ML L EXN

FEAERLSREET, 0, SR LG AN
E(i, j)=P, + E(% & #&)+W(i, r-1) # E(#% & &) +W(r+1, j)

o FW(I, r-1)%eW(r+1, j)
& E(LT +1)='§;1(DEPE(k.)+2)p|

E(LT)=§:1(DEP£(k)+1) b Z (DEP @)+
#  W(i,r-1)=E(LT +1)- E(LT) Zp|+2q|
J I=i-1
AR, W(r+l,j)=
(r+1,j)= 2 lp| qu|

r

A W(, j)=W(, r-1) + W(r+1, j) + p,= ;pv J ql
1541

_W(Iv J 1)+p]+qj

Z (DEPE(d|)+2)q|

Wi, =W, r-1) + W(r+1, j) + p, =W(i, j-1)+p;+q
E(i, )=P, + E(% & ®)+W(i, r-1) +E(% & #)+W(r+1, j)

E(, J) = E(, r-1) + E(r+1, j) + W(i, j)

E(i, j)=min g {E®i,r-D)+E(r+1,)+W(i, j)} I j2i
W(Q, i-1) = giy, WG, j) = WG, J-1) + p;+ g

©DB-LAB(2003)

W(i, i-1)=q,,
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For i=1 To n+l Do
E(i, i-1) = g;q;
Wl(i, i-1) = q.y; W EAAN
For I=1 To n Do i
For i=1 To n-I+1 Do ~(LLNE AN, A% EINS
i -RALRRBHO(M)
WEEIJg:\‘;;( 0 * E R l* "
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Return E and Root
L
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4. Li«Merge-List(L;y, Li+x);
5. #MeLbHArFreik;
6. ReturnL ¢ ® 2 4. %.
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-#4%a

Trim(L={Y,, Y21 «0s Ym}s @) 1*Vi<Yie1, 0< 0<L, B R 8GR L7 */

me|L|;

L%<y;>;

lastey;;

For i«2 To m Do
If last<(1- 8)y;
I Wy<(1- )y, dLfeL’ A, AVyel’ 2&R(1- F)ySysy,
Then ype ~NgILAA; FOLY A FAARS Ay 0ot/
lastey;;

ReturnL’.

« L& 4 O(L)=0O(m)

*ERASANRBEX
WA S={Xq, Xy, .oy X}, £ 20, 0<e<1
L XY ¥
Approx-Subset-Sum(S, t, &)
1. neS|;
2. Ly«—<0>
3.For i1 To n Do
4 Li«Merge-List(L;., Li1+X;);
5. LiTrim(L;, e/n) I~ 6 F AL d=c/n*/
6. RLYMBRATtOLE,
7. Az L %R XM;
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.Returnz.
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Lt 3558428 865 R Fta ko ME, BEALP,
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ye20, ee€lU

L 3 TEETTTET
R
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2. while FU do
RSk BB — AR A S BC(S)/|S-F| R
a=c(S)/|S-F|;
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C=Cu{S}, F=FuUS, s=5-{S};
3. @C

Clb A B, . price(e)

#1911 ¥ i kecUhy,=price(e)/H,, M & Fy & Kbk FyL
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B, B&y>0atdkecUR L, A FN £SecshieY, V.<c(S)K L.
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AFe PR RALORH, IShuRadkitliid I A

L, BcO)$ANAR2AE L, FALESROXESHC(S)/(k-i+])o
AR Lew, SEHLARERSL, ARHRELESHEL
o(S')/|S’-Flss ] & &>, #price(e)< co)(ki+1). i M

EA5 R R @tk bH,
wa. OPT, ﬁPT
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HEABBTHROAL R LA AR HA RN S HOPT
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3 y, = Zeu price(e) <oPT

si C(S) e=U Hn
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3 U REXWLREBAGARGXN
5 vem By, - L = Beos) <cs)
i=1 n - n iﬁj#
e
Fau i X386 XE A48 LA, LP-ArKER bR BT
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AR HFeel, chREBUAST LA RbBAR

f.UdakbREAAP
AALRBOBLP-ARK B
1L RERBE ERLP-Rw@ i

2. For Ses Do
IF x> 1/f THEN C=Cu{S}
3. @&xC

Hifikecl dFe2 S AFARLT, HTAR
Xs =1

SEs
esS

BF EAX BB, B, FRABREROABEFRA—-A44
2hte, dh, RAWBRRALTIU,

RoerndaF, A £ScC, x;ANDL, £$BREKS
“’O @”A

OPT, = Se(s)x = Le(S)x,+ oS, >Zp(5)%+ S >+ D(s)
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3. For VSes Do
& eF ¢~ AE# rand
IF rand>1-x; THEN C=CuU{S};
1 SEBEANCEH WE & X/
4. @gC

Z87. XFRAALABBLP-MnnK i, COXbRE
MEBHOPT,, R FOPTALP-Riz @i RuEMSH.

WH;: E(cost(C))=Zses P, [SHEIEAC].C(S)

= Xses Xs- C(S)

=OPT; R
%328 HFA LR LALGLP- AN nK ik, VacURCA L
Gk L F1-1le,

e g
Hak Fsekarh e, RLP-ReAatdeRei vt §
BB Xy, Xy

ALP &b @b kaMme, x+.. . +xl.

Plad #%CE L] = (1-x)(1-Xy)...(1-x)
(L-(xy* ..+ K)K

(1-1/K)K
1- Prlad #&CH& K]
1-(1-1/k)k

> 1-1/e e

At ot HIRUNTLESAAAL, REBFLP-HidN
Fdclognek, A¥cRAL~<L AHARRELEFHHC,
EERC.

PIC' & & AUl <X, PIC & & La] <n[(l/e)cloan] = 1/4

E(cost(C’))=OPT;-clog n

P, [cost(C’) 20PT4c log n] <1/4 Markov £7558: P (X > 1) <c )

P,[C’& AU H. cost(C’)< oPT.4clogn] = 1- P[C’ 4 & AU & cost(C’)2 OPTf.4c log n]
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.y «0; g, U iratextz—44% 8y
Feg ek ALw SR
while F£U Do
#e,eU-F;
Ry B Yo coofo= C(S) MAEASeSK £
HE6FFBAL,. .cov= C(S) ¥ £Ses, 4x=1, F=FUS;
R =1 ARAR RS SR E;

© N A~ R

$2 BrEKa b, whilethinst £5, xdeys # AR A e
18 A4 T HW o

18 9§ .
1. Whiletisr sk k6, Udsbrd 4% %kl Lo
2. Khéolead, 0=, . oy <cS)xti §Scs¥K 2.

*“i&ﬁﬂ*' $ e cesYe= C(S)M & NSecsSk £
B, SYérAakhRre~tFe, dnthtLsk
REGEATROBSI LARAFSTOATAE,
er:eesyex‘“z‘w*"’

AF2rd4208, Rl L. .o=<cOx
fitSeSﬁﬁio

$23. A XK b, whilethin s & Wxdeyil 24 FRAN -

(1) ®*FVSes, x#£0 =2 Vo= C(S);
(2) ®EVeeU, Y20 =35 (s X<T (UF 4% %K XHE
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L w27y Tl

2. BBIGEL, AFVecU, e 2385404 A, &
FVSeS, x,=1K0; 2 & i&(2) & L.

14



zhang

% 329. & Fprimal-dual schema# & &8 ki a K it ®ian HF

W @4 4es] 923, &Mk, FE R RidxdeyS HLEA
B R BWTHR, A

(1) #4VSes, x=0 &K c(S)/1< Xy ces¥e<C(S);
(2) s FveeU, vy, =0 K 1<%, (s X< F;
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@ EZ 324, cost(C) =5, . C(S) = Zs, sesXC(S) S L Zorie
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1. SONET HiLif 13k )
BN A n ATUREIER CHrp A TS 2 U 607 1 71 4350 0, 2, 3,..., n-1D)0 —ANH
WPFINAE S C, (i, j)eC R 1 T i PPIYY AL jo AT RCHTE IR 26 i WE AT LA
IS4 7 1) 33047t R A2 I 4 ) EAT o S © Hp LR (A I 1 SR, 32133, i+1 mod
n) AR A7 8RR 0 Y F A AN B Lie PR A B maXaicn Lio
. C R aR g — AN SRS, AR R AR B
B s ek A 2-3 AR AE SONET FRL i 47 2 i)
2. JLHC[A]

Consider the maximum weight matching problem in a (non-bipartite) graph G = (V;E).
More precisely, given a non-negative weight w; for every edge (i,j) e E, the problem is to find
a matching of maximum total weight.

Consider the following greedy algorithm: start from an empty matching and repeatedly
add an edge of maximum weight among all edges which do not meet any of the edges chosen
previously. Stop as soon as the matching is maximal (i.e., no other edge can be added). Let
Mg denote the greedy matching and Zg its cost. In this problem you are asked to show that the
greedy algorithm is a 2-approximation algorithm.

(a) Show that the following linear program gives an upper bound Z..on the optimal value Zopt
of the maximum weight matching problem.

min - Zcv X
st x+x2w; forall (i;]) eE
xi=>0 forallieV

(b) From the greedy matching Mg, construct a feasible solution x to the above linear program

and show that its value is 2Zc. Conclude that 2Zc=Zopt.
3.4 i)

BN KRB CHIAR T AR, K200 0<wa,wy, ... Wa<C 1) n DMANRT 73 EI )

HH o

. Wy ke A N, AT HAE 1A EuR D .

First-Fit 5035

RIS o X T 210 0, LTI AT 1 By, B P B AR B/ REZS
AP T BOAR T R BN AR EIROAE b i R A BIZ AT T WM T B
W 1IN

. IE R first-fit SEUTLEE y 2,
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