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CHAPTER

ONE

INTRODUCTION

This Python package offers a suite of tools designed for simulating various random surface growth models. The foun-
dational concepts and methodologies are significantly influenced by the work presented in the book by Barabási and
Stanley [BarabasiS95] (1995) on fractal concepts in surface growth.

It is known that the fluctuations in the surface growth models fall into a few universality classes. The most famous one
is the Kardar-Parisi-Zhang (KPZ) equation Kardar et al. [KPZ86]

𝜕ℎ(𝑡, 𝑥)

𝜕𝑡
= 𝜈∇2ℎ(𝑡, 𝑥) +

𝜆

2
(∇ℎ(𝑡, 𝑥))2 + 𝜂(𝑡, 𝑥), 𝑡 > 0, 𝑥 ∈ R, (1.1)

where 𝜂 is a centered Gaussian noise, which is white in both space and time. The KPZ equation (1.1) is a stochastic
partial differential equation (SPDE) [Wal86].

KPZ equation (1.1) was solved by Hairer [Hai13] in 2013. The fluctuations of the KPZ equation (1.1) are in the KPZ
universality class; see Amir et al. [ACQ11]. Numerous discrete models report the same universality class as the KPZ
universality class, including

• the ballistic documentation model: [FV85], [MRSB86], [FV85].

• the Eden model: [BKR+88], [PRacz85], [JB85] [MJB86], [ZS86].

• solid-on-Solid model: . . .

Theoretical results include the fluctuations of:

• the longest increasing subsequence of a random permutation: [BDJ99].

• the largest eigenvalue of a random matrix: [TW93] and [TW94].

• the asymmetric simple exclusion process (ASEP): [Joh00] and [TW09].

3



Surface Growth with Random Tetris Pieces, Release 1.0

4 Chapter 1. Introduction



CHAPTER

TWO

HISTORY OF THE PACKAGE

The foundational elements of this package, which include the random deposition, random deposition with surface
relaxation, the ballistic deposition models, and a visualization component, were initially crafted by the first author.
These components, forming the basis of the package, were part of a graduate student seminar in October 2023, as
documented in Chen [Che23a]. The seminar’s slides provide an excellent introduction to these foundational aspects of
the package.

Building upon this foundation, the package has been enriched with simulations for growth models with Tetris pieces.
This feature is to test the belief of the universality of the growth models. This feature was developed as a final course
project for the course “Math 7820: Applied Stochastic Processes I,” undertaken by the second and third authors in Fall
2023. This is still an ongoing project. More feature and functionalities will be added in the future. Some simulation
experiments will be carried out to test the universality of the growth models.
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CHAPTER

FIVE

RD_CLI MODULE

This code was written initially for the Graduate Student Seminar [Che23a]

RD_CLI.Ballistic_Deposition(width, height, steps)
Simulate Ballistic Deposition on a substrate. In this simulation, particles stick upon contact with the substrate or
a deposited particle.

This is simulation for snowflakes piling.

Parameters

• width (int) – Width of the substrate.

• height (int) – Height of the substrate.

• steps (int) – Number of particles to drop.

Returns
Filename of the output substrate for Ballistic Deposition; A csv file contains the substrate state.

Return type
string

RD_CLI.Envelop(substrate)
Compute the top envelope of a substrate.

This function calculates the highest particle position in each column of the substrate. It is used to visualize the
top envelope of the substrate in the simulation.

Parameters
substrate (numpy.ndarray) – The substrate matrix to compute the envelop for.

Returns
Array representing the top envelope of the substrate.

Return type
numpy.ndarray

RD_CLI.Random_Deposition(width, height, steps)
This is a function to simulate Random Deposition on a substrate. This is simulation for the independent boxes
(sand) piling. All columns are independent.

Parameters

• width (int) – Width of the substrate.

• height (int) – Height of the substrate.

• steps (int) – Steps or times to run.
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Returns
Filename of the output substrate.

Return type
string

RD_CLI.Random_Deposition_Surface_Relaxation(width, height, steps)
This is a function to simulate Random Deposition on a substrate with the surface relaxation. Particle will seek
the lowest left/right neighbors to land.

This is simulation for the independent boxes (sand) piling with surface relaxation.

Parameters

• width (int) – Width of the substrate.

• height (int) – Height of the substrate.

• steps (int) – Steps or times to run.

Returns
Filename of the output substrate.

Return type
string

RD_CLI.interface_width(filename)
Compute and visualize the interface width of a substrate from a given simulation.

This function reads the substrate state from a file, calculates the interface width over time, and generates a log-log
plot of the interface width. It also computes the slope of the log-log plot as a function of time.

Parameters
filename (str) – The name of the file containing the substrate data.

Returns
Array containing the interface width calculated at each step; An image file with the same name
as the input file, but with a .png extension. The file contains the statistical figures.

Return type
numpy.ndarray

RD_CLI.main()

The main function to simulate different types of surface growth models based on the provided command-line
arguments.

This function sets up a command-line interface for simulating Random Deposition, Random Deposition with
Surface Relaxation, or Ballistic Decomposition on a substrate. It accepts various parameters like width, height,
and number of steps for the simulation. It also provides options for generating a movie of the simulation and
calculating interface width.

The function decides the type of simulation based on the arguments passed, performs the simulation, and then
proceeds to calculate the interface width. If the movie generation option is selected, it invokes another script to
generate the movie.

To use the script from terminal, the following options are expected:

-w, --width : Width of the substrate (default: 100)

-e, --height : Maximum height of the substrate (default: 60)

-s, --steps : Number of particles to drop (default: 5000)

-r, --relax : Enable surface relaxation (default: False)

12 Chapter 5. RD_CLI module
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-b, --BD : Enable ballistic decomposition (default: False)

-m, --movie : Generate an mp4 movie of the simulation (default: False)

It returns:

1. A text file representing the substrate state.

2. Statistical figures, including a log-log plot for the interface width and the estimated slope.

3. (Optional) An mp4 movie of the simulation process.

Example:

> ptyhon3 RD_CLI.py -w 100 -e 60 -s 5000 --BD --movie

In this example, the script will simulate Ballistic Decomposition on a substrate of size 100x60 for 5000 steps.
And the simulation movie will be generated.

13



Surface Growth with Random Tetris Pieces, Release 1.0

14 Chapter 5. RD_CLI module



CHAPTER

SIX

VISUALIZE_RD MODULE

Visualize_RD.main()

Main function to execute the particle deposition visualization script.

This script visualizes the process of particle deposition based on the data from a substrate simulation. It gener-
ates a video showing the evolution of the deposition over time. The script offers several command-line options
to customize the visualization, such as showing the top envelope, the average height, and adjusting the video
playback rate.

Options:

-f, --file : Required. Path to the substrate file containing simulation data.

-t, --title : Optional. Title of the plot. If not provided, no title is displayed.

-r, --rate : Optional. Frame rate for the video. Default is 4 frames per second.

-e, --envelop : Optional. Flag to display the top envelope of the deposition. Default is
False.

-a, --average : Optional. Flag to display the average height of the deposition. Default is
False.

-p, --play : Optional. Flag to automatically play the video after generation. Default
is False.

Example:

> python3 Visualize_RD.py -f substrate.txt -t "Simulation Title" -r 10 --envelop --
→˓average --play

This command will run the script on ‘substrate.txt’, set a title, use a frame rate of 10 fps, and display both the
top envelope and average height in the visualization.

Visualize_RD.visualize_simulation(filename, plot_title, rate, envelop, show_average)
Visualize the particle deposition simulation and generate a video.

This function loads the substrate data from a file and visualizes the deposition process as an animation. It supports
visualizing the top envelope and average height of the deposited particles. The final output is saved as an mp4
video file.

Parameters

• filename (str) – The path to the substrate data file.

• plot_title (str) – The title of the plot.

• rate (int) – The frame rate for the video.

• envelop (bool) – Flag to indicate whether to show the top envelope.
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• show_average (bool) – Flag to indicate whether to show the average height.

Returns
The filename of the generated mp4 video.

Return type
str

16 Chapter 6. Visualize_RD module



CHAPTER

SEVEN

TETRIS_COMPLETE MODULE

This module simulates the surface growth by Tetris pieces. It includes functions to generate random Tetris pieces,
calculate their landing positions on a substrate, and simulate a game of Tetris for a given number of steps and a defined
grid size.

By Ian Ruau (iir0001@auburn.edu) and Mauricio Montes (mauricio.montes@auburn.edu) Date: 12/2023

tetris_complete.Tetris_Choice()

Randomly selects a Tetris piece and its orientation.

There are 7 Tetris pieces:

• 0 : the square;

• 1 : the line;

• 2 : the L;

• 3 : the J;

• 4 : the T;

• 5 : the S;

• 6 : the Z.

There are 4 orientations for each piece:

• 0 is the original orientation;

• 1 is the 90 degree rotation;

• 2 is the 180 degree rotation;

• 3 is the 270 degree rotation.

Returns
A 2-element array: the first element is the piece type (0-6); the second element is the orientation
(0-3).

Return type
numpy.ndarray

To-Do’s

• Add input file to specify the probability of each piece.

tetris_complete.Tetris_RD(width, height, steps)
This function simulates the Tetris Decomposition model on a substrate.

Parameters

17
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• width (int) – The width of the substrate.

• height (int) – The height of the matrix.

• steps (int) – The steps to simulate.

Returns
Filename of the output file.

Return type
string

tetris_complete.ffnz(matrix, height, column)
Finds the first non-zero entry in a specified column of a matrix.

Parameters

• matrix (numpy.ndarray) – The matrix to search.

• height (int) – The height of the matrix.

• column (int) – The column index to search in.

Returns
The index of the first non-zero entry.

Return type
int

tetris_complete.main()

To use the script from terminal, the following options are expected:

-w, --width : Width of the substrate (default: 100)

-e, --height : Maximum height of the substrate (default: 60)

-s, --steps : Number of particles to drop (default: 5000)

It returns:

1. A text file representing the substrate state.

Example

> ptyhon3 tetris_complete.py -w 100 -e 60 -s 5000

In this example, the script will simulate Tetris Decomposition on a substrate of size 100x60 for 5000 steps.

18 Chapter 7. tetris_complete module
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INDICES AND TABLES

• genindex

• modindex

• search
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